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1. Introduction 
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In this paper we give integral representations for solutions of the system of elliptic 
quantum Knizhnik-Zamolodchikov-Bernard (qKZB) difference equations in the case of 
5/2- The qKZB equations [|FJ are a quantum deformation of the KZB differential equations 
obeyed by correlation functions of the Wess-Zumino-Witten model on tori. They have 
the form 

. . . , Zj +p, . . . , z n ) = Kj(z\, ■ ■ ■ , z n ; t, ?7,p)^0i, ...,z n ). 

The unknown function \l/ takes values in a space of vector valued functions of a complex 
^ , variable A, and the Kj are difference operators in A. The parameters of this system of 
equations are r (the period of the elliptic curve), r\ ("Planck's constant"), p (the step) 
and n "highest weights" A 1; . . . , A n G C. The operators Kj are expressed in terms of 
/^-matrices of the elliptic quantum group E TjV (sl 2 )- 

In the trigonometric limit r — > zoo, the qKZB equations reduce to the trigonometric 



qKZ equations ||FR|1 obeyed by correlation functions of statistical models and form factors 
of integrable quantum field theories in 1+1 dimensions. 

The KZB equations can be obtained in the semiclassical limit: 77 — > 0, p — > 0, p/rj 
finite. 

When the step p of the qKZB equations goes to zero (with the other parameters 
fixed) our construction gives common eigenfunctions of the n commuting operators 
Kj(z\, . . . , z n ; r, T], 0) in the form of the Bethe ansatz. These difference operators are 
closely related to the transfer matrices of IRF models of statistical mechanics. 

Our results follow from the main theme of this paper: a geometric construction of 
tensor products of evaluation Verma modules over the elliptic quantum group E TtV (sl2}- 
In particular, we obtain some formulae given in | |FV1| | for the action of generators on 
these modules. 
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The results of this paper are thus parallel to the results on solutions of the rational 
and trigonometric qKZB equations of |V|, |T V2|| , which are based on the representation 
theory of the Yangian Y(sl2) and the affine quantum universal enveloping algebra U q {sl2), 
respectively. 

The paper is organized as follows: we begin by introducing the notion of /^-matrices 
and the qKZB equations in Section |2|. The geometric construction of i?-matrices is given 
in Section [I| At the end of that section we show how to obtain representations of E T ^(sl2) 
in this way, and give some explicit formulae for .R-matrix elements. 

The main applications of the geometric construction are contained in Sections |]-|7|. The 
Bethe ansatz eigenf unctions of the commuting system of difference operators are given 



in Section f|, Theorem [13]. The proof of completeness of Bloch eigenfunctions obtained 
by the Bethe ansatz in the case of rational r\ is given for generic parameters in Section 
[|. In Section |], we compare our results with the algebraic Bethe ansatz of [ b 1 V2 |. In 



particular, we show, using the results of Section ^]that the algebraic Bethe ansatz gives a 
basis of eigenvectors in some cases. Our results on integral representation for solutions of 
the qKZB equations are stated in Theorem ^ and Theorem Section [7|. In Section |8] 
we introduce the technique of iterated residues, the main calculational tool of the paper, 
and complete the proofs of our results. 

Some of our results seem to be related to the results in the recent preprint |T| , in which 
integral solutions of a system of difference equations associated to Sklyanin's algebra are 
constructed. 

In the next paper of this series, we will discuss integration cycles, and compute the 
monodromy of the qKZB equations. It turns out that the monodromy is described in 
terms of R- matrices of the elliptic quantum group £^(5/2) and that the elliptic quantum 
groups associated to the elliptic curves C/(Z + rZ) and C/(Z + pZ) play a symmetric 
role in the story. 



2. R- MATRICES, QKZB equations and commuting difference operators 

2.1. i?-matrices. The qKZB equations are given in terms of i?-matrices of elliptic quan- 
tum groups. In the sl 2 case, these i?-matrices have the following properties. Let f) = Ch 
be a one- dimensional Lie algebra with generator h. For each A G C consider the f) -module 
V A = ©°^ Cej, with hej = (A — 2j)ej. For each pair Ai, A 2 of complex numbers we have 
a meromorphic function, called the i?-matrix, R Al}A2 (z, A) of two complex variables, with 
values in End(VA 1 (g> V A2 ). 

The main properties of the i?-matrices are 

I. Zero weight property: for any Aj, z, A, [R AliA2 (z, A), h^- 1 ' + h^ 2 ') = 0. 
II. For any Ai, A2, A3, the dynamical Yang-Baxter equation 

R AlM (z, A - 2 v h^)^R AlM (z + w, \)MR AaM {w, A - 2 v h^)^ 
= R A2>A3 (w, \)WR AlAa (z + w,X- 2r / / i ( 2 ))( 13 ) J R Al , A2 (^, A)( 12 \ 

holds in End(VAj <8> V A , 2 ® V Aa ) for all z, w, A. 
III. For all Ai, A 2 , z,\, R Al>A . 2 (z, X)^ R A2iAl (-z, A) (21) = Id. This property is called 
"unitarity" . 

We use the following notation: if X G End(l^) we denote by X® G End(Vi (g) • • • ® V n ) 
the operator • ■ • ® Id ® X (g) Id ® • • • , acting non-trivially on the zth factor of a tensor 
product of vector spaces, and if X = ]TX k ®Y k G End(\/ i ®V ? ) we set X®) = J2X^Y k ij) . 
If X(ni, . . . , is a function with values in End(Vi ® • • -® V n ), then X(h^\ . . . , h^ n ')v = 
X(fjLi, . . . , jj, n )v if hfiv = fiiV, for all i = 1, . . . , n. 
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For each r in the upper half plane and generic rj £ C ( "Planck's constant" ) a system of 



.R-matrices i?Ai,A 2 (^)^) obeying I III was constructed in [FV1|| . They are characterized 
by an intertwining property with respect to the action of the elliptic quantum group 
E TtV (sl2) on tensor products of evaluation Verma modules. In this paper, we give an 
alternative geometric construction of these i?-matrices, see Section |3]. 

2.2. qKZB equations. Fix the parameters r, 77. Fix also n complex numbers Ai, . . . , A n 
and an additional parameter p 6 C. Let V = Va 1 ® • - ■ <8> V\ n . The kernel of + • ■ ■ + 

on V is called the zero- weight space and is denoted V[0]. More generally, we write V[fj] for 
the eigenspace of with eigenvalue /x The qKZB equations are difference equations 

for a function ^f(z\, . . . , z n , A) of n complex variables z±, . . . , z n with values in the space 
of meromorphic functions Fun(V[0]) of a complex variable A with values in V[0]. 
The qKZB equations |FJ have the form 

. . . ,Zj +p, . . . ,z n ) = Rjj-^Zj-Zj^+p) ■ ■■R jil (z j -z 1 +p) (1) 

r 'jRj !n (zj — z n ) ■ ■ ■ , Rjj + i(zj — Zj + i)ty(zi, . . . , z n ) 

Here Rkj{z) is the operator of multiplication by 

/? AfeiA; (^,A-2r ? E^ ) ) (M) 

acting on the /cth and /th factor of the tensor product, and Tj is the linear difference 
operator such that r i ^(A) = $(A - 2t)[jl) if = /i*. 

The consistency of these equations follows from I — III. In other words, the qKZB equa- 
tions may be viewed as the equation of horizontality for a flat discrete connection on a 
trivial vector bundle with fiber Fun(V[0]) over an open subset of C n . 

2.3. Commuting difference operators. A closely related set of difference equations 
is the eigenvalue problem 

Hj(z)ij = erf, j = 1, . . . ,n, i> e Pun(V[0]) 

for the commuting difference operators 

Hj(z) = Rjj-i(zj—Zj-i) ■ ■ ■ R jtl (zj- zi)YjR jtn {zj— z n ) • ■ • , Rjj +1 (zj-z j+1 ). (2) 

Here z — (z\, ... , z n ) is a fixed generic point in C n and ip is i n Fun(V r [0]). The fact that 
the operators Hj(z) commute with each other follows from the flatness of the connection 
as p — > 0. 

2.4. Finite dimensional representations. If A is a nonnegative integer, Va contains 
the subspace SV\ = ®JL\ + i^j with the property that, for any M, SV\®Vyi and Vm®SV\ 
are preserved by the i?-matrices R\jsii{z,X) and Rm,a(z,X), respectively, see WVM and 



Theorem [5[ Let La = V\/SVa, A G Z^o- Then, in particular, for any nonnegative 
integers A and M, Ra,m{z,X) induces a map, also denoted by R\ t M(z,X), on the finite 
dimensional space L\ <g> L M . 

The simplest nontrivial case is A = M = 1. Then A) is defined on a four- 

dimensional vector space and coincides with the fundamental i?-matrix, the matrix of 
structure constants of the elliptic quantum group £ , T)J? (sZ 2 ), see Theorem 

In any case, if A 1; . . . , A n are nonnegative integers, we can consider the qKZB equations 
(H) and the eigenvalue problem (||D on functions with values in the zero weight space of 
Lai ® • • • ® L An . 

The results below obtained for the solutions with values in ®jV Aj immediately extend 
to this case: let n : <8>!LiVL "~ y ®?=i-^a, denote the canonical projection. 
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Lemma 1. Let *&(zi, . . . , z n ) be a solution of the qKZB equations with values in V[0] = 
V\ 1 ® • ■ • <E> V\ n [0] . Then 7T o ^(^x, . . . , z n ) is a solution of the qKZB equations with values 
in L[0] = L Al <£> ■ • • ® ^A»[0]. Similarly if ^ G Fun(V r [0]) zs a common eigenfunction of 
the operators Hj{z) then noty is a common eigenfunction of the induced operators Hj(z) 
on Fun(L[0]) ; with the same eigenvalues. 

In this lemma, the zero function should also be understood as an eigenfunction, since, 
certainly, 7r o ^ can vanish. 

2.5. Remarks. 

1. If A x = • • • = A„ = A G Z^o, then the commuting operators Hj(z) on L[0] are 
special values of the transfer matrix T(w; z±, . . . , z n ). This difference operator is defined 
as follows. Let P[p] G End(LA) be the projection onto the subspace of L A of weight \i: 
P[A — 2j]ek = Sjkek, j = 0, . . . , A. Define the partial trace 

tr LA[/l] = (tr o P[fj]) <g> Id : End(®" =0 L A ) ~ End(L A ) ® End(®" =1 L A ) -> End(®" =1 L A ) 

Then the transfer matrix T(u>) = T(w; z±, . . . , z n ) G End(Fun(L[0])) is defined by 

T ( w )fW = tr LAM (R 0tn (w- z n )---R 0A (w- z 1 ))f(\-2r)/j,), 

fc=i 

These transfer matrices commute on L[0] for different values of w. It can be shown that 

Hj{zi, . . . , z n ) = T{Zj] Zi, . . . , z n ). 
In particular, the operators Hj(zx, • • • , z n ) commute with the transfer matrices. 

2. Below, a geometric construction of /^-matrices is given. This construction gives in 
particular a construction of R\,m on L A ® Lm for all A, M G Z^ - Alternatively, these R- 
matrices can be computed starting from Ri^ by the fusion procedure, see |KVT| |, Section 



3. Modules over the elliptic quantum group as function spaces 

In this section we realize the spaces dual to tensor products of evaluation Verma 
modules over E T>v (sl2) as spaces of functions. The i?-matrices are then constructed 
geometrically. 

Let us fix complex parameters r, rj with Im(r) > 0, and complex numbers Ai, . . . , A n . 
We set dj = 77A3, i — 1, . . . , n. 

3.1. A space of symmetric functions. We first introduce a space of functions with 
an action of the symmetric group. Recall that the Jacobi theta function 

9(t) = -J2 e^+^+^+hW+h), (3) 

has multipliers —1 and — exp(— 2Trit — irir) as t — > t + 1 and t — > t + r, respectively. It 
is an odd entire function whose zeros are simple and lie on the lattice Z + rZ. It has the 
product formula 



2irir 



9{t) = 2e^ T/4 sin(7rf) - q ] ){\ - q j e 2nit )(l - <f e" 2 ^), q = e 

3=1 

Definition: For complex numbers ax, ... , a n , Zi, . . . , z n , A let F™ a „( z i' ■ ■ ■ i z n,^) be 
the space of meromorphic functions . . . , t m ) of m complex variables such that 
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(i) Yii<j ^(*« ~ *j + 2r ?) Iliii IlLi 8(ti - z k - a k )f is a holomorphic function on C r ' 

(ii) / is periodic with period 1 in each of its arguments and 

for all j — 1, ... , m. 



There is an action of the symmetric group on this space of functions that we introduce 
now. 

Lemma 2. The symmetric group S m acts on F™ a S Zl -> ■ ■ ■ i z m^) so that the transpo- 
sition of j and j + I acts as 

* f(t t )- fff t t t Jfa ~ tj+i - 2 v) 

Proof: Denote by <fi(tj — tj + i) the ratio of theta functions in the definition of the action of 
Sj. The meromorphic function is 1-periodic and obeys <fi(t + r) = e 8ntri (f)(t). Therefore, 
the action preserves the behavior of functions in F m under translations by the lattice. 
The position of the poles is also preserved by the action as it is easy to check. The 
relation SjSj + \Sj = Sj + iSjSj + i holds automatically and the relation s| = 1 follows from 
4>(t)(f)(—t) = 1. These are the two relations defining the symmetric group. □ 

Definition: For any m G Z >0 , let F™ ^(z^ . . . , z n , X) = F™ ^fo, . . . , z n , X) Sm be 
the space of S"™- invariant functions. If m = 0, we set F° ... an (^i, ■ ■ ■ , z n , A) = C. We 
denote by Sym the symmetrization operator Sym= ^2 s£S s : F m — > F m . Also, we set 

F ai ,...,a„( z l, ■ ■ • j z m A) = © m =0-^ai,...,a n (^l5 • • • ) Z ni A), 

and define an f) -module structure on F ai) _ )Cln (zi, . . . ,z n , A)) by letting h act by 

n 

h \^,..., a Jzi,...,z n ,\) = (E A i ~ 2m)Id, di = r]X,. 
i=i 



Some technical results on this space of functions are proved in Section In particular, 

it is shown in Lemma ^ that F™ a n i Zl -> • • • > Zn -> ^) * s a fi n ite dimensional vector space 

r ,. . (n + m — I s 
of dimension 

V m 

Clearly, ^,..^(,,(^1), • • • , Mn)) = F aL,aS z ^ ■■■, z nA) for any permutation a G 
S n - 

Example: Let n = 1. Then F™(z, A) is a one-dimensional space spanned by 



u m {t 1} t m , A, z) - [I ^———^ (}(+._ z _ a) > W 



/'U, Ij I 2//) |1 9(t 3 



see Lemma 2S, Section 
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3.2. Tensor products. 

Proposition 3. Let n = n' + n" , m = ml + m" be nonnegative integers and ai, . . . , a n , 
z±, . . . ,z n be complex numbers. The formula 

1 I . -r—r @{tj — Z[ ~\- Chi 

fc(ti,...,0 = ^^Sym^/(t ll ... I ^MW,...,0 11 g(t , _ ^ _ ^ 

m' <j^m 

correctly defines a linear map $ : / ® (7 1— > = $(/ ® g) , 

©m'MJ^Cl..^ A) ® F™" +iv .. ian (^ +1 , . . . , z n , A - 2i/) 

~~ ¥ ^a 1) ...,a„ (^1) • • • 5 2 ™5 A), 

where v — ai + • • • + a n i — 2i]m'. For generic values of the parameters Zj, X, the map $ 
is an isomorphism. Moreover, $ is associative in the sense that, for any three functions 
f, g, h, $($(/ <E> g) ®h) = $(/ <g> $(g <g> /i)), whenever defined. 

The only claim that does not follow immediately from the definitions is the claim that 
$ is an isomorphism for generic z^s and A. The proof of this is deferred to Section |8]. 

By iterating this construction, we get for all n ^ 1 a linear map $„, defined recursively 
by $1 = Id, $ n = $(<I> n _i ® Id), from 



?TOiH hm.n='n 



B 1 iC(^^-2»?(A*i + "- + ^-i)) 



to ^.....onC^ij • • • , z n, A X with Mi = a j/v ~ 2m j> 3 = 1> • • • , n. Let V A * = ©°^ Ce j be the 
restricted dual of the module Va = ffi°^ Ce.,-. It is spanned by the basis (e*) dual to the 
basis (ej). We let f) act on by he* = (A — 2j)e*. Then the map that sends e* to uij 
(see ((D) defines an isomorphism of f) -modules 

w(z,A) : VI -> F (z,A), a = r/A. 

By composing this with the maps $ of Proposition ^, we obtain homomorphisms (of 
f) -modules) 
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(zt, . . . , z n , A) : Vl x <g> • • • ® 1/ A * n -> Fo!,...,^^!, • • • , 2n, A) 



which are isomorphisms for generic values of z±, . . . , z n , A. The restriction of the map 
u{z x , . . . , z n , A) to Ce* mi ® • • ■ <g> e^ n is 

<& n (a>(2i, A) <g> cj(z 2 , A - 2rj/ii) (g) • - • ® u;(z n , A - 277(7/1 H h A*n-i)))> 

where //j = Aj — 2mj, j = 1, . . . , n. For example, if n = 2, then a>(zi, £2, A) sends e* ® e£ 
to 

Sym(u j (t 1 ,...,t j ,X-,z 1 )uj k (t j+1 ,...,t j+k ,\-2a 1 + Ar]j;z 2 ) TT — 

V *=*+i™ * _ Zl ~ ai " 



j\k\ 



where {uj(ti, . . . , tj, A; z)} is the basis (|j) of F a (z, A). 

More generally, we have an explicit formula for the image of e* mi ® • • ■ ® e* mn , which we 
discuss next. 



QKZB EQUATIONS AND BETHE ANSATZ 



7 



3.3. A basis of F air __ iCln (zi, . . . , z n ). The space Va comes with a basis Cj. Thus we 
have the natural basis e* ® • • • ® e^ n of the tensor product of V£. in terms of the 
dual bases of the factors. The map uj(z\, . . . , z n , A) maps, for generic z iy this basis to a 
basis of F 0l ,...,a n (' 2f i) ■ ■ ■ > ^n; A), which is an essential part of our formulae for Bethe ansatz 
eigenvectors and integral representations for solutions of the qKZB equations. 
We give here an explicit formula for the basis vectors. 

Proposition 4. Let m E Z^ 0; A = (Ai, . . . , A n ) G C n , and let z — (zi, . . . , z n ) E C n be 
generic. Set = r/Aj. Let 

Then, for generic A E C, the functions 

w TO1 ,.„ >mn (ti,...,* m ,A;z) = w(*,A) <g> • • • ® 

labeled by mi, . . . , m n G Z rai/i J2k m k = 171 form a basis of F™(z, A) and are gu>en fry 
i/ie explicit formula 

u mi ,...,m n (ti,---,t m ,\-,z) =u(t 1 ,...,t m y i nun 9 }u _ Zk+ _ ak \ 

h,...,i„ i=i iei, *=i 1 * 2fc a/cj 
9(ti-tj+2ri) fr -,-r ^(A+t j -z fe -a fc + 2r/m fc -2r/^t 1 1 (A i -2m i )) 



x 



n n viir nn 



TTie summation is over all n-tuples I\, . . . , I n of disjoint subsets of {1, ... , m} such that 
Ij has rrij elements, 1 ^ j ^ n. 

Proof: If n = 1 this formula is the same as the one given above, eq. (|4]). The function 
u is designed to intertwine between the twisted symmetrization Sym defined above and 
the ordinary symmetrization Symo : / t— > Ylo-es f(°~t)- Indeed, for any function / of 
ti, . . . , t m , we have Sym (w/) = u Sym(/). Let 1° = {l,...,m 1 },/ 2 ° = {mi + 1, . . . , m 1 + 
m 2 } and so on. Also, if / = {i± < • ■ ■ < i^} set tj = (t^, . . . ,t ik ). Then, by definition, 

-Sym J Y\ u m (tjo , A - 2^£(A, - 2m,); z k ) fj \{ 9 % - * + — ^ 

The one-point functions u mk are given in eq. (^). Therefore, (n m iO ua; TOi,...,mn can be 
computed by ordinary symmetrization of the product of u with the expression in the 
brackets. It is then straightforward to compute this product, which is given by the term 
with Ij = Ij in the sum above. The symmetrization gives all terms in the sum, each with 
multiplicity ri m i'- Thus the factorials are canceled and we get the claimed formula. □ 



3.4. i?-matrices. Let a = rjh. and b = i]M be complex numbers. Since F a b(z, w,X) = 
Fba{w, z, A) by the symmetry of the definition, we obtain a family of isomorphisms be- 
tween VI g) and <g> V£. The composition of this family with the flip P : ® V£ — > 
® VjJ, Pv (g> w = w ® v gives a family of automorphisms of V£ <E> V^: 

Definition: Let z,w,X be such that lu(z,w, A) : V£ Cg> VjJ — > ^a&(2, w,A) is invert- 
ible. The R-matrix R\,m(z, w, A) G Endf, (Va <S> Vm) is the dual map to the composition 
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R* AM (z,w,X): 

V A ®V M — > V M <g> V A — ► F ab (z, w, A) — ► V A ® V M , 
where we identify canonically V A ® with (V A ® Vm)*- 

Alternatively, the i?-matrix Ra,u(z,w,X) can be thought of as a transition matrix 
expressing the basis cDy = z, A)e* <g> e* in terms of the basis Uij = ui(z, w, X)e* <S> e* 
of F ab (z, w, A): if Ra,u(z, w, A)e, ® = J2m R ij e k ® e h then 

&kl = R-ij^ij- 
ij 

Remark. Note that by the symmetry under reversal of all signs, 

Ra,m.\ z i ^) = R-a,-m(—z, —A), 
if we identify V\ with V_\ via the basis (e^). 

Lemma 5. (i) Ra,u{z,w, X) is a meromorphic function of A, M, z, w, X. 
(ii) If A is generic, then R\,a(z, w, A) is regular at z = w and \im z _> w Ra,a(z, w, A) = P, 

the flip u £g> v t— > v <S> u. 
(hi) Ra,m{ z i w , A) depends only on the difference z — w. 

Proof: (i) Consider the bases {uiij}, i+j = m, of F^(z,w, A). These functions are 

meromorphic in all variables. Since they are linearly independent there are m + 1 values 
t°, . . . , t m of t G C m so that (^j, m -i(^))o<i,j<m is an invertible matrix 5. The i?-matrix 
is then B~ l B where B is the matrix with entries Ui im -i(P). Therefore it is meromorphic. 
(ii) The proof of this is deferred to the end of Section |8|. 

(hi) We have, for all c G C, an isomorphism U c : F ab (z, w, A) — > F ab (z + c, w + c, A), given 
by the translation of the arguments ti by c. It is easy to see that uj{z + c,w + c, X)U C = 
lu(z, w, A), so Ram(z + c,w + c, A) = Ra,m( z i w ^)- n 



Accordingly, we write Ra,u(z — w, A) instead of Ra,m(z,w, A) in what follows. 

By definition the i?-matrix is determined by the relation uj(zi, Z2, X)R AM (zi — Z2, A) = 
u(z 2 , Zi, X)P in Hom(V A * <g> V^, F ab (z 1 , z 2 , A)). More generally, by the associativity of $, 
we have: 

Lemma 6. For any A 1; . . . , A n , the identity 

u(. . . , Zj , z j+1 , . . . , A) Rl. Aj+1 (zj-z j+1 , A - 2 V J2 l<3 &C0) W+D 

= aj(...,z j+1 ,z j ,...,X)P^+V 
holds in Hom(V^ i ® • • • ® V^ n , ^....^(^i, • • • , z», A)), a; = r/Aj. 

A corollary of this lemma is the dynamical Yang-Baxter equation for the .R-matrices: 
Theorem 7. The matrices Ra,m( z i ^) °^ e V I~IH °f Section |^. 

Proof: Fix Zj,Aj, z = 1,2,3 and let Rij(X) = RAi,Aj(zi — Zj,X). The dynamical Yang- 
Baxter equation is equivalent to the equation 

R*£ 3) (X - 2r)hW)R*£ s) {X)R*£ 2) {X - 2 v h^) = R*£ 2) (X)R$ 3) {X - 2 v hW)R*£ 3 \X) 

for the dual maps R*j(X). The latter equation follows from using the previous lemma 
several times to express u(z 3 , z 2 , Zi, X) in terms of u(zi, z 2 , z 3 , X) in two different ways. 
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The second claim follows by expressing uj(w, z, A) in terms of u(z, w, A) and conversely. 
□ 

Let us now consider the case of positive integer weights. In this case the i?-matrices 
have invariant subspaces. If A 6 Z^ we let SV\ be the subspace of V\ spanned by 
eA+i, eA+2, • • • • The A + 1-dimensional quotient V\/ SV\ will be denoted by La, and will 
be often identified with ©?L C&j. 

Theorem 8. Let z,rj, A be generic and A, M G C. 

(i) If A G Z^, 0; then R\ ; m( z , A) preserves SVa <£> Vm 

(ii) IfMe Z^Q; then Ra,m( z ' ^) V reserves ® SVm 

(iii) If A e Z^ owd M e Z^o, ^en .Ra.ivK- 2 ? A) preserves SVa <S> Vm + ® ^^m- 

Proof: The claims of this theorem are equivalent to the statements that the operators 
dual to the i?-matrices preserve the subspaces L^ ® V^, ® L M , L^ <g> L M , respectively. 
This follows from Theorem [31] below, which gives a characterization of the images by 
u(z, w, A) of these subspaces in terms of residue conditions. □ 



In particular, if A and/or M are nonnegative integers, Ra,m( z ' A) induces operators, 
still denoted by Ra,m( z i on ^ ne quotients La ® Vm, Va ® Lm and/or La ® Lm- They 
obey the dynamical Yang-Baxter equation. 



3.5. Examples. We give now some examples of computations of matrix elements of the 
i?-matrix Ra,m( z ~ w . A), assuming that the parameters are generic. 

The i?-matrix is calculated as the transition matrix relating two bases of F ab (z,w, A): 

let 

Uij = u{w, z, A) e* <g> e*, ctfy = io(z, w, A) e* (g> e*. 

The matrix elements of R with respect to the basis ej ® efc are given by (D^; = £V Rfj^ij- 
By construction, this matrix commutes with + ftA 2 ), and thus preserves the weight 
spaces 

(V/v ® Vm)[A + M — 2m] = Q Cej <g> e^- 

We may therefore consider the problem of computing the matrix elements of the i?-matrix 
separately on each weight space. Without loss of generality we assume that w = 0. 
Let m = 0. Then the weight space is spanned by eo <8> eo and u 0Q = uj qo = 1. Therefore 

pOO _ i 

Let now m = 1. The basis elements are functions of one variable t = t\ and we have 
(with a = r)A, b = r/M) 

6(\ + 2r] + t-2a-b)6(t- z + a) 6(\ + 2r] + t - z - a) 

W0l{t) — -— r , Vlo{t) 



6{t - b)6{t - z - a) ' w 6{t-z-a) 

and 

9{\ + 27] + t-b) 6{\ + 2r] + t-z-2b- a)6(t + b) 
^ 0l(t) " W^b) ' ^ " 9{t-z- a)6{t - b) • 

To express one basis in terms of the other we notice that these functions have simple 
poles at two points (modulo the lattice). The elements of the .R-matrix are determined 
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by comparing the residues at these two points. We have 

, , 9(X + 2r]-2a)9(z-b-a) . . 9(X + 2r]+z-a-b)9(2a) 

iest= b u;oi{t) = 777777T777 r— 1 > res t=z+a u 01 (t) - 



9'(0)9(z-b+a) ' " 9' {())(){;■ a b) 

9(X + 2 V ) 



res t=b cJi (t) = 0, res t=z4<1 u w (t) 
On the other hand, 



9>(0) 



, , 6(\+2r]) 
res t=b u 01 (t) = — — , res t=z+a cj i(t) = 0, 

, , 9(X + 2ri-z-b-a)9(2b) _ . , 0(A+277-2&)0(z+a+&) 

^^(0 = ^ (0) g H + 6 _ a) - res^ +a c 10 (t) = ^ (Q)g( , + a _ &) • 

If we put these residues into matrices and , respectively, we get that 

the restriction of Ra,m(z, A) to (Va <S> Vm) [A + M — 2] in the basis e <S> ei, ei <S> e is given 
by the matrix 

i 0\ M [AA- 1 -ABA^D' 1 



y C DJ\0 DJ yCA- 1 —CBA~ X D~ X + DD~ 1 j 

These matrix elements have product form except the last one, which can be further 
simplified: 

R\° = -CBA- l D- 1 + DD' 1 

9(X + 2r]-z-a- b)9(2b)9(X + 2r] + z-a- b)9(2a) 



9(X + 2r])9(z -a- b)9(X + 2r] - 2a)9(z + a - b) 
6{X + 2r]- 2b)9{z + a + b) 



9(X + 2r])9(z + a~b) ' 

To simplify this expression, consider it as a function of A: it is a 1-periodic function, 
which gets multiplied by e 4mb when A is replaced by A + r. It is regular at the apparent 
singularity A = —2rj. So it has only simple poles at A = 2i] — 2a and its translates by 
Z + rZ. These properties uniquely define this function up to a multiplicative function: it 
can therefore be written in the form C9(X + 2r] — 2a — 2b) /9( X + 2i] — 2a) . The constant 
C can be determined by computing the residue at A = 2a — 2r\. 
Let us summarize the results of these calculations. 

Proposition 9. Let the matrix elements of the R-matrix Ra,m{z, A) be defined by 



Then 



pOO 

-"-oo 

pOl 



pOl 



plO 



plO 



Ra,m( Z i ^) e i ® e 3 = EfcZ R ij e k ® e l- 



9( y z + r ] A-r ] M)9( y X + 2r]) 
9(z - 77A - 7]M)9(X + 2r7(l - A)) 

0(A + 277 + z - 77A - t 1 M)9{2t]K) 
~9(z - 77A - r]M)9(X + 27/(1 - A)) 

0(A + 277 - z - 77A - r]M)9(2r]M) 
~9(z - 77A - r/M)0(A + 277(1 - A)) ' 
9(z + 77M - t/A)0(A + 277(1 - A - M)) 

0(2 — 77A — 7?M)0(A + 27/(1 - A)) 
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For higher values of m, the matrix elements can still be computed along the same 
lines. The residues are replaced by suitable iterated residues defined for functions of 
several variables. This technique is explained in Section H The iterated residues of basis 
elements and Cu^ form triangular matrices whose diagonal matrix elements do not 
vanish for generic parameters. This gives an expression of the restriction of the .R-matrix 
to any weight space as a product of a lower triangular matrix by an upper triangular 
matrix, whose entries are iterated residues, just as in the one-variable case. 

In the next subsection we present the results of this calculation relevant for the repre- 
sentation theory of elliptic quantum groups. 

3.6. Evaluation Verma modules and their tensor products. Here we explain the 
relation between the geometric construction of tensor products and .R-matrices and the 
representation theory of E TtV (sl 2 ) ||FV1|| . 

We first recall the definition of a representation of E TjV (sl 2 ): let rj act on C 2 via h = 
diag(l, —1). A representation of E T ^{sl 2 ) is an f) -module W with diagonalizable action of 
h and finite dimensional eigenspaces, together with an operator L(z, A) £ End(C 2 <g> W) 
(the "L-operator"), commuting with + hS 2 \ and obeying the relations 



R (12 \z-w, A-2r//i (3) ) LW(z, A) L^ 23 \w, A - 2r]h^) 

= LW(w, A) L^(z, \-2 V hW)R( 12 \z- 



A) 



in End(C 2 (g>C 2 (g)W / ). The fundamental R-matrix R(z, A) £ End(C 2 <g>C 2 ) is the following 
solution of the dynamical Yang-Baxter equation: let eo, ei be the standard basis of C 2 , 
then with respect to the basis e <8> e , e <8> ei, t\ ® e , e x ® e\ of C 2 ® C 2 , 



R(z,X) 



(\ 







a(z, A) 
(3(z,-X) 
\0 



o o\ 

P(z,\) 

a(z, —A) 

o v 



where 



a(z, A) 



9(X + 2r])9(z) 



d{\ + z)d{2r 1 ) 



6(\)9(z - 2ti)' v ' ' 9(X)9(z-2ri) 

To discuss representation theory, it is convenient to think of L(z, A) £ End(C 2 <S> V) as a 
two by two matrix with entries a(z, A), b(z,X), c(z,X), d(z,X) in End(W). In [|FV1|| we 
wrote explicitly the relations that these four operators must satisfy, and defined a class 
of representations, the evaluation Verma modules, by giving explicitly the action of these 
four operators on basis vectors. Next, we show how these formulae can be obtained from 
our geometric construction. 

Theorem 10. Let us identify L\ with C 2 via the basis eo, e\. The R-matrix Ri t i(z, A) £ 
End(Li ® L\) coincides with the fundamental R-matrix. 



Proof: Most of the matrix elements have been computed in |3.5| . The only remaining 
element to compute is R\\. By Theorem || we know that the dual of the .R-matrix 
preserves the one-dimensional space spanned by e* ® e* if A = M = 1. This means that 
u^i = uj{z,w 1 X)e* l ®e\ is proportional to U\ t x = lu(w, z, X)e{ £g>e^. We have, by definition, 



^i,i 



6{X + ti + ri - z)Q[X + t 2 + 3r] - w)6(t 2 - z + rj) 
0(ti -z- r])0(t 2 -w- rj)0{t 2 -z-tj) 
9(X + t 2 + r]- z)9(X + ^ + 37]- w)6(t 1 -z + ifiOfa 



2 V ) 



6(t 2 



w 



vW(h ~t 2 + 2 V ) 
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The formula for cDx,i is obtained by interchanging z and w. To find the constant of 
proportionality (the inverse of R\\), we compute both expressions at some point. We can 
take for instance t\ = 2rj, t 2 = 0. Then it is obvious that at this point cjx,i = Thus 



Corollary 11. For any w,MeC, the f) -module Vm together with the operator L(z, A) = 
Ri,m( z End(Li (gi Vm) defines a representation of E TyV (sl 2 ) ■ 

This representation is called in |FV1| the evaluation Verma module with evaluation 
point w and highest weight M. It is denoted by Vm(w). The matrix elements of L(z, A) 
can be computed straightforwardly by the method described in the previous section. 
The result is given explicitly in |[FV1|| , Theorem 3, in terms of the action of a(z, A), ... , 
d(z, A). In the notation of Proposition || this result amounts to the following formulae 
for the matrix elements Rf, of R 1 &(z, A) G End(Li £g> Vj 



A J 



pOfc 
-"-Ofc 



R lk 



6{z - (A + 1 - 2k)r)) 0(A + 2krj) 

e(z-(A + i) v ) 0(A) ' 

,,, +J 0(A + z - (A - 1 - 2k) V ) 6(2 V ) 

9(z — (A+ 1)77) 0(A)' 



pi.fc-1 e(\ - z - (A + 1 - 2k) v ) 0(2(A + 1 - fc)77) 6»(2fc77) 



R 



6(z - (A + 1)77) 0(A) 0(27?) ' 

u 0(2 - (-A + 1 + 2A;)t7) 0(A - 2(A - k)rj) 



lk 



e(z-(A + l)v) 0(A) 
These formulae can be obtained by computing residues, as explained in the previous 
subsection. Moreover, the tensor product construction of |3.2| is related to the tensor 
product of representations of the elliptic quantum group. Recall that if Wi, W2 are 
representations of the elliptic quantum group with L-operators Li(z, A), L 2 (z, A), then 
their tensor product W = W\ <S> W2 with L-operator 

L(z, A) = Lxiz, A - 2r]h {3) ) il2) L 2 {z, A) (13) G End(C 2 ® W) 

is also a representation of the elliptic quantum group. 

Theorem 12. Let A 1; . . . , A n G C and zi, . . . ,z n be generic complex numbers. Let V = 
Vaj <S> • • • ® V\ n and L(z, A) G End(VA=i ® V) be defined by the relation 

u(z, zi,..., z n , X)L(z, X)* = u)(zi, ...,z n ,z, X)P 

in End((Vi ® V)*) = End(V 7 1 * ® V*), w/iere P7j x ® u = tj ® u 1; i/uj G V^*, u G V* . Then 
L(z, A) zs well-defined as an endomorphism of the quotient L\ <g> V = C 2 <S> V , and defines 
the structure of a representation of E TtV (sl2) on V. This representation is isomorphic to 
the tensor product of evaluation Verma modules 

V An (z n )®---®V M (z 1 ), 

with isomorphism U\ <g) • • • ® u n 1— > u n <S) ■ ■ ■ ® Ui 

Proof: We prove this if n = 2. The proof in the general case is the same, but requires 
more writing. 

By applying Lemma ^| twice, we get 

cu(z, z u z 2 , X)R* 1Ai (z - Zl} X)WR* hA2 (z - 22, A - 2 v h^)^ 

= u( Zl , z, z 2 , X)R* 1M (z - z 2 ,X- 2 V h^ fVp^ 

= uo(z u z 2 ,z,X)PWp( 12 \ 
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But p( 23 )p( 12 ) = p ; the flip Vi ® V -»• V ® V x . By taking duals, we obtain 
L(z, A) = R 1M (z -z 2 ,X- 2r ] h( 2 Y 3) RiMz ~ A) (12) . 

This operator in well-defined as an endomorphism of the quotient L\®V, since its factors 
are. Moreover 

P^L(z, \)P^ = R 1M (z - z 2 , A - 2 V h®)WR 1M (z - z u A)< 13 \ 
which is the L-operator of the representation V\ 2 (z 2 ) ® V^Zi). □ 

Finally, the dynamical Yang-Baxter equation in L\ ® V\ £g> Vm can be stated as saying 



that Ra,m(z — w, X)P is an isomorphism from Vm(w) ®Va(z) to Va(z)0Vm(w) } see |[FV1 
Therefore, by uniqueness, the i?-matrices constructed here coincide with the solutions of 
the dynamical Yang-Baxter equation described in Section 13 of |[FV1]1 . 

4. BETHE ANSATZ 

In this section we fix the parameters r], r of the elliptic quantum group and n complex 
numbers A 1; . . . , A n such that ^ Ai = 2m for some nonnegative integer m. We also set 
cij = rjAj, j = 1, . . . , n. Let Zi, . . . , z n be generic complex numbers. Then the zero weight 
space V^[0] of V = V\ 1 ® • • • ® V\ n is non-trivial, and we have commuting difference 
operators Hj = Hj(zi, . . . , z n ), j = 1, . . . , n, cf. @, acting on the space Fun(V[0]). 

We give a formula for common quasiperiodic eigenfunctions of the operators Hj, i.e., 
functions ip such that Hjip = ejip, j = l,...,n, for some €j G C. The quasiperiodicity 
assumption means that we require that tp(X + 1) = fMip(X) for some multiplier \i G C x . 

Our formula is given in terms of the expressions of the previous section. For ji, ■ ■ ■ ,j n G 
Z^ such that ^ ji — m , let ^ji,... Jn (^i, • • • , t m , A) be the value at t\, . . . , t m of the function 
uj(z u . . . , z n , X)e* h ®---®e* n . 

Theorem 13. (cf. WV1\ ) Let c G C. Suppose that t\, . . . ,t m obey the system of "Bethe 
ansatz" equations 

^fa-„ + a| ) flfa-j t -2,) , , „, (5) 

A J- 9{tj -zi-ai) Q{tj - t k + 2rf) 

Then 

^( A ) = ^iu-jnih, ■ ■ ■ , t m , A) e h <g> ■ ■ ■ <g> e in (6) 

JlH hin=m 

zs a common eigenfunction of the commuting operators Hj, j = 1, . . . ,n, with eigenvalues 

9(t k - Zj - q 3 -) 
k J{ Q{t k - Zj + Oj) 



e 3 



m 

-2ca, 



n 



and multiplier \i = (— l) m e c . Moreover, if ti,...,t n are a solution of @, and a G 
S m is any permutation, then t a m , . . . , £ CT ( n ) are also a solution. The eigenfunctions ip 
corresponding to these two solutions are proportional. 

Example: Let m — 1. Thus Ai + • • • + A n = 2. The Bethe ansatz equation for t — t\ 
and c is 

n" A(* ~ Z _l ~ V A l) = 4 V c 
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If t, c obey this equation, then 

, , , > o, ( «< A+i " 2 < " 1 A > ~ 2 <1 Etl A J> {Fr »( ( - % + ») A <) \ 

*w =ert E( — .( f -„-„A,) — n ^-^ J*®"-®*®"-®*- 

(ei is at the Zth position) is a common eigenfunction of the difference operators Hj(z) 
j — 1, . . . , n. The eigenvalues are 

e _ c -2r ? cA, ~ % - V A j) 

3 e(t-z 3 +r ] A J )- 



The proof of this theorem occupies the rest of this section. The fact that solutions are 
mapped to solutions by permutations is clear from the form of the equations (|5|). The 
functions ouj lt ___j n are symmetric under the action of permutations of Lemma 0. Therefore 
functions ip(X) corresponding to solutions related by permutations are proportional. 

We are left to prove that if) is an eigenfunction of the operators Hj. 

We first reduce the problem to showing that if>(\) is an eigenfunction of Hi for all 
permutations of the parameters Zj,Aj. For this we must study the dependence of Hj 
on the ordering of the parameters 2j,Aj. Let us introduce some notation to indicate 
explicitly the dependence on the parameters: let S m act on C m by permutations of the 
coordinates, and let sj be the transposition of the j'th and (j + l)st coordinates. Let us 
write Hj(A, z) for the operator Hj acting on the space of functions W(A) of functions of 
A with values in (V Al ® • • • ® VaJ[0], A, z G C n . 

Lemma 14. Let A = (A 1( . . . , A n ) ; z = (zi, ...,z n ) G C" and let Sj : H(A) -> H(sjA) 
(j = 1, . . . n — 1) be the linear map 

Sjf(X) = P^R^izj-Zj^ X - 2r,{h<» + ■■■ + h^))f(X). 

Then Hj + x(sjA, Sjz)Sj = SjHj(A, z), for all j = 1, . . . , n — 1. 

Proof: The proof is a matter of writing the claim using the representation of Hj given in 
(§), and bringing pCw+i) to the left of the i?-matrices, using commutation relations. □ 

Notice that the equations (§) do not depend on the ordering of the parameters Zi, A*. 
Let us fix a solution t* of fl5|) with parameters A = (A 1; . . . , A n ) and z — (zi, . . . , z n ). Then 
for each permutation a G S n , t* is still a solution of the equations (^) with parameters 
oA, <T2 and we have a corresponding function ip a (X) G TC(aA) given by the formula (|) 
with parameters a A, cr;z. It takes values in V\ , , x £g> ■ • • <8> Va ■ We may now rephrase 

a (1) cr (n) 

Lemma || as follows: 

^■(A) = P^R^M ~ Zj+i, A - Mh {1) + ■■■ + h^mX). 

With Lemma [TJ], we see that the fact that is an eigenfunction of Hj(A,z) with 

eigenvalue 6j = €j(A,z) for all j = 1, ... ,n is equivalent to the fact that ip a (X) is an 
eigenfunction of Hi(aA, az) with eigenvalue ei(aA,az) for all cr e 5' n . 

Therefore, it is sufficient to prove that ip is an eigenfunction of Hi with eigenvalue ei 
for any solution of (|5]) with arbitrary parameters. 

Lemma 15. Let u G V^J/i], v G (V£ a (8) • • • <g> V^)[-/i]. 77ms /i = A 1 - 2m' = 
— J^j=2 A? + 2m" /or some integers m', m" ^ 0. Set m = m! + m". Let / = u(zi, X)u, 
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g = oo(z 2 , . . . , z n , A — 2i]fi)v. Then u(z\, . . . , z n , A) maps u®v to 

^^Sym (/( tl , . . . , t m ,)g{t m , +x , ...,t m ) [[ ^ — ^ j , 

and Ld(z 2 , . . . , z n , Zi, X — 2r]fi) maps v ®u to 

(n-1)! V d^tj-zi-ai) 9(t j -t k +2ri) J 

1^2 k>m' 

Proof: The first formula is a rewriting of the definition. In the second formula, the 
expression appearing in the definition was replaced by another term in the sum over S m 
defining Sym, which gives the same result. □ 



Lemma 16. If t* = (t*, . . . , t^) is a solution of (§) and u, v are as in Lemma \Tai, then 

u(z 2 , . . . , Zn, zi, A — 2rjn)v ® u\ t * = e 2cvfJ/ ei ■ u(z 1 , . . . , z n , X)u ® v\ t * 
Here, \ t * denotes the value at t* of a function of t\, . . . , t m . 

Proof: Let us introduce the ratio h(ti, . . . ,t m ) of the factors appearing in the previous 
lemma: 

n O^tj-Zi + ai) y-r 6(tj-t k -2ri) yr 6{tj -Z 1 + fli) 

e{t 3 - Zl - ai ) 11 ^.-^ + 2^)-^'---'^ ll e{t j -z 1 -a 1 )' 

l>2 k>m' 

This equation can be rewritten as 

where ei(t\ . . . , £ m ) = e~ 2cai YYjLi ~ z i ~ a i)/$(^j ~ z i + The product of the first 
m' Bethe ansatz equations fl5|), implies that, for t = t*, 

h{t ll ... 1 t m )=e 2c ^e-^ cm 'e l {t 1) ... 1 t m ) 

The right-hand side of this equation is symmetric under permutations of ti, . . . , t m . More- 
over, if ti, . . . , t m is a solution of (||) then also t CT (i), . . . , i CT ( m ) f° r an Y permutation a. We 
conclude that for all solutions of @, 

h(ti, . . . , t m ) = h(t a ri)i ■ ■ ■ 1 t<r(m))i 

for all cr G 5 TO . It follows that terms corresponding to the same permutation in the 
two equations of Lemma [13] are proportional, with the same constant of proportionality 

e 2c w ei . □ 

Now we can prove Theorem [IB]: H\ has the form H±f(X) = TiHif(X), where H\ is the 
operator of multiplication by 

n-l 

#i(A) = ^AlA*^!-^, A - 277 £ /i«)(m) . . .R AlM ( Zl -z 2 , A)( 12 ). (7) 

Z=2 

By using n— 1 times Lemma || we see that 

w(«2, • • • , z u A)P("-"" 1 ) • • • P^P^ = u{z Xl ...,z n , A)^(A)*. 
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Now we use Lemma [16]. Let t* be a solution of (P). Then, for any u G V£ [//], v G 

(vi®---®vi)[-i4, 

u(zi, ...,Zn,\ — 2r]fi)H 1 (X - 2r}fM)*u ® v\ t * = e 2??CM ei ■ . . . , z n , X)u ® 

(8) 

The fact that 0(A) is an eigenfunction is a consequence of this formula: the function 
ip G Fun\^[0] is uniquely characterized by the property that, for any w G (<E> 3 - V^.)[0], the 
pairing with "0(A) is 

(w,ip(X)) = e cX u(zi, ...,z n , X)w\ t *. 
Take w = u ® v , as above. Then (w, i/i/0(A)) = (w,Hx(X — 2r]fj J )ip(X — 2i]fi)) = 
e cX ~ 2r,cti, u}(zi, . . . , z n , X — 2r}fj,)Hi(X — 2r}fj,)*w\t*. By (H), this is equal to ei(w,ip(X)). Since 
an arbitrary w can be written as linear combination of vectors of the form u®v as above, 
the theorem is proved. 

5. Completeness of Bethe vectors 

We assume that 2r\ = l/N, for some positive odd integer N. We also suppose that 
Ai, . . . , A n G Z. This implies that the operators hX % > on V = ■ ■ ■ <E> V\ n have integer 
eigenvalues. Let z G C n be generic. The commuting difference operators Hj(z) have 
coefficients which are 1-periodic functions of A. Thus, for each a G C x we may consider 
the eigenvalue problem with multiplier condition 

Hj(z)il) = ejip, j = l,...,n, (9) 

V>(A + 1) = aip(X). 

Let Kjy be the field of 1/A^-periodic meromorphic functions of A G C. The opera- 
tors Hj(z) are K^-lmear on the A r dim(V A [0])-dimensional i^-vector space 7i a = {ip G 
Fun(V[0]) :-0(A+l) = ai/>{\)}. 

Theorem 17. Suppose that A 1; ...,A n are integers and let ^™ =1 A = 2m, m G Z^ - 
Lei 2r^A^ = 1, for some odd integer N > m. For generic a, there are ATdim(V[0]) 
solutions of the Bethe ansatz equations ([|) with e c = (— l) m a, such that the corresponding 
eigenfunctions form a basis of the -vector space 7i a 

Proof: Let us first consider the case m — 1, and let t — t\ (see the example after Theorem 
|T~3f) . The Bethe ansatz equation is 

n" 6(t - zi - rjAi) _ 2c/N 
corresponding to the eigenfunction 

n 

ip(X) = e cA ^u^t, A) e ® ■ • ■ ® ei <g> ■ • ■ <g> e , 
i=i 

where wq) stands for ^o,...,o,i,o,...,o with the 1 at the jth position. 

We want to fix the multiplier a. Thus c is of the form cq + 2nir, r G Z, where 
Co = ln(a) + m7ri for some choice of the branch of the logarithm. Let us now take a real 
and tending to infinity. Then, for each k, in the vicinity of the point t^ = — i]Ak, 
we may introduce the local coordinate u = t — too, and the Bethe ansatz equation has 
the form const u~ l (l + 0(u)) = a 2 ^ N e~ 4nts ^ N , for some integer s related to r. This 
equation has a solution for any sufficiently large a. It has the asymptotic form t ~ 
z — + const a~ 2 l N 'e^ ms ' N . Let us denote this solution by t k ' s = t k ' s (a). The solutions 
corresponding to different k, s are distinct if the indices run over the sets k = 1, . . . , n, 
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s = 0, ...,N — 1. We claim that the corresponding eigenfunctions ip k,s are linearly 
independent over K^. We use the following simple observation. 

Lemma 18. If /i(A), . . . , / m (A) are meromorphic functions on C wi£/i values in C d that 
are linearly dependent over K N , then the vectors (/i(A), fi(X+l/N), . . . , fi(\+(N—l)/N)) 
in C md are linearly dependent over C for all generic A G C. 

Proof: From ^j a «( A )/i(A) = 0, with a« 1/iV-periodic, we deduce X^ a «(^).M^ + j/N), 
./ V-. 1. □ 

Therefore it is sufficient to show that the vectors 

Tp(A) = (V> M (A), V M (A + 1/N), ^' S (A + (AT — 1)/N)) G V[0] N 

are linearly independent over C for generic A. 

We prove this by showing that the determinant of these vectors does not vanish for all 
large enough a. The determinant is proportional to the determinant of the matrix 

A U ,r),( k ,s) = e 4 ™( x+r ^u; U) (t k > s , A + r/N), j, k = 1, . . . , n, r, s = 0, . . . , N - 1 

Let now a tend to infinity. Then the solution t k,s approaches z k — a k . Thus, A.(j, r ),(k,s) 
tends to zero if k < j, since Uj(t = z k — a k , A) = for all A, owing to the vanishing of the 
factor Q(tj — z k + a k )- Therefore the limiting determinant is block-triangular, and equals 
the product of determinants of the diagonal N by N blocks. We have 

n 

det(A) -> \\ det r , s {e 47ris{x+r/N) u (j) {t = Zj -a v X + r/N)), a -> oo 

3=1 

Each factor in the product is, up to multiplication of rows and columns by nonzero 
factors, the Vandermonde determinant 

det 0si r,s<N(e 47rirs/N ) = Yl (e Amr,N - e 4ms/N ) 

which does not vanish if iV is odd. 

The general case is treated along similar lines. We have solutions t KyS (a) labeled by 
K = . . . , k n ) with kj ^ and ^ k-i = m, and s e {0, . . . , N — 1}. As the multiplier 
a tends to infinity, t K,s converges to the point with coordinates 

tj =zi-ai- 2r](ki H Vh- j), if k x H h ki_i < j ^ ki H h ki. 

The hypothesis N > m ensures that these coordinates are distinct modulo the lattice. By 
the same arguments as above, one sees that the linear independence of the corresponding 
eigenfunctions follows from the non- vanishing of a determinant. This determinant has 
for a — > oo a block-triangular form, and the calculation is reduced to the calculation of 
a Vandermonde determinant. The details are left to the reader. □ 

Rather than considering the difference operators as acting on the functions of the 
continuous parameter A, we may consider the following discrete variant. Let \x be generic 
and C M = {f-i + j/N\j G Z}. Then the commuting difference operators are defined on the 
space Fun M (V[0]) of functions of A G C M with values in V[0], and preserve the subspace 
H a ,ix of functions / in Fun M (V [0]) such that /(A + 1) = af(X). 

Corollary 19. Suppose that Ai,...,A n are integers and let Y^=i^ = ^m, m G Z^ - 
Let 2i]N = 1, for some odd integer N > m. For generic a, there are iVdim(V[0]) 
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solutions of the Bethe ansatz equations (fj) with e c = (— l) m a, such that the corresponding 
eigenfunctions form a basis of the complex vector space H. a ^ 

It should be possible to treat the case of general rational 77 (or more generally in Q+rQ) 
in a similar way. 

6. Comparison with the algebraic Bethe ansatz 

In this section we compare the Bethe ansatz of this article with the results of | |FV2|| , 
where eigenfunctions of the transfer matrix of highest weight representations of E T ^(sl2) 
are given. 

Let W be a representation of i? T)r? (s/ 2 ), see j3l| Then we have four operators, a(z, A), 
b(z, A), c(z, A), d(z, A), the matrix elements of the L-operators, acting on W, and obeying 
the various relations of E T ^(sl2)- The transfer matrix 7\y(z) G End(Fun(W / [0])) acts on 
functions by 

T w {z)f{\) = a(z, A)/(A - 2 V ) + d(z, A)/(A + 2 V ). 

The relations imply that T w {z)T w {w) = T w (w)T w (z) for all z,w G C. If W = L\(z n ) ® 
• ■ ■ (g) Li(z\), this transfer matrix coincides with the transfer matrix of [2.5| conjugated by 

LT : Vi ® • • ■ ® v n — > v n ® • • • <g) v\. 

Therefore, in this special case, the commuting operators UHj(zi, . . . , 2 n )n _1 are equal to 
T w {Zj). 

In any case it can be shown in general, using the intertwining property of the R- 
matrices that TV (2) commutes with the operators UHj(zi, . . . , z n )n -1 if W = V\ n (z n ) <S> 
■■■®V Al ( Zl ). 

In [FV2I], common eigenfunctions of Tw(z), z G C are constructed in the form 

b{tx) ■ ■■b(t m )v c 

where 



v c (\) = e cX H 



and b(t) is the difference operator (6(t)/)(A) = b(t,X)f(X + 2rj), f G Fun(W) (both the 
transfer matrix and the difference operators b(t) are part of the operator algebra of the 
elliptic quantum group, see |[FV1|, |FV2|). The variables ti, . . . ,t m obey a set of Bethe 



ansatz equations, which are up to a shift the same as the ones described in this paper. 
The precise relation between the two approaches is the following. 

Theorem 20. Let V = V\ n (z n ) (g) • • • <g Va x (zi) fre a tensor product of evaluation Verma 
modules with generic evaluation points zi,...,z n and let 



Then 



f[Kt J+V ) Vc = e «^(-irT[ e{ti 

3=1 i<j \ 1 3 1 



w ji,~j»(*i> ■ ■ ■ ,t n , A) e jn ® • • • <g> e ii; 



x 

JlH hin=m 

where Uj lt ,„ t j n (ti, . . . , t n , A) i/ie image of e* ± (g ■ ■ ■ <8> e* n fry i/ie map 

. . . , z„, A) : V£ ® • • • <g V^ n -> F ai (zi, ■ ■ ■ , Zn, A). 
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Proof: The proof consists of comparing the explicit formula of Proposition f| with the 
explicit formula for Yl b(ti) v c given in | FV2 |, Theorem 5. □ 



In particular, this gives an algebraic construction of the spaces F a (z,X), a,zE C" 
and their bases: we may define F™ an (zi, . . . , z n , X) to be the space spanned by the 
coordinates of the functions 

of ti, . . . , t m with values in V[ Aj — 2m]. 

From Corollary [19] we thus obtain a completeness result for Bethe vectors of the transfer 
matrix of the discrete models of |[FV2j| . Let \x be a generic complex number, and let 
= {y u + j/^ r |j The transfer matrix T v (z) of the representation V is well-defined 

on the space Fun At (V r [0]) of functions C M — > V[0) (see ||FV2|| , Section 4). 



Theorem 21. Let 2r\ = 1/N for some large enough odd positive integer N. Let V and 
v c be as in Theorem and let T v (w) be the corresponding transfer matrix acting on 
functions C M — > V[0}. 
(i) For any solution (t\, . . . , t m ) of the Bethe ansatz equations 

g( t . _ t . _ 2rj) yr ejU - z k - (1 + A k ) V ) 4vc 
LL i e(t j -t i + 2 V )l} i 9(t i -z k -(l-A k )r ] ) ' 

such that, for all i < j, ti ^ tj mod Z + rZ ; the vector ip = b{t\) ■ ■ -b(t m )v G 
Fun M (V[0]) is a common eigenvector of all transfer matrices T v {w) with eigenvalues 



e(w 



-2r)c 



n" 1 6(tj -w-2rj) 2vc -^r 6(tj -w + 2r]) -A- 6{w - z k - (1 - A k )r}) 



Moreover + 1) = (-l) m e c ^(A). 
(ii) For any generic a G C x ; t/iere are d = A^dim(y[0]) solutions of the Bethe ansatz 
equations such that the corresponding eigenfunctions form a basis of the space of the 
d-dimensional vector space of functions if) : — » V[0) such that ip(X + 1) = aif>(X). 

Part (i) of this Theorem is taken from |[FV1|| . Part (ii) follows essentially from Corollary 
|T9"| . Note, though, that there we had the additional hypothesis that the A« are integers, 
so that the commuting operators Hj(z) are well-defined on functions on C^. However 
this hypothesis was not used in the proof that the corresponding vectors form a basis. 
Therefore the proof also applies to the present situation. 



Remark. "Large enough" in this theorem means 2N > Ai + ■ ■ ■ + A n , see Theorem |T7. 
This hypothesis can probably be considerably weakened. 

Remark. The Bethe ansatz equations have "diagonal" solutions, i.e., solutions for which 
ti = tj mod Z + rZ for some i ^ j. These solutions do not in general correspond to 
eigenvectors even if b(t\) ■ ■ -b(t m )v is finite and nonzero. The factor 

9{U - 1,) 



n 



4 0{U - tj + 277) 

in the correspondence between the eigenvectors obtained by the algebraic Bethe ansatz 
and the eigenvectors considered in this paper sends the Bethe vectors corresponding to 
diagonal solutions to zero. 
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7. Solutions of the qKZB equations 

In this section we fix r, rj, p, A 1; . . . , A n , and set a, = rjAi. 

7.1. Integral representations for solutions. By a formal Jackson integral solution 
of the qKZB equations we mean an expression 

ty(zi, . . . , z n , A) = J f(zi, . . . , z n , ti, . . . , t m , \)Dt\ ■ ■ ■ Dt m , 

where / takes its values in V[0], which obeys the qKZB equations (j^) if we formally use 
the rule that the "integral" j is invariant under translations of the variables by p. In 
other words, f(zi, . . . , z n , ti, . . . , t m , A) obeys the qKZB equations in the variables Zi up 
to terms of the form g(. . . , ti +p, . . . ) — g(. . . , ti, . . . ). 

Definition: A function $ a (t) depending on a complex parameter a, such that 

is called a (one-variable) phase function. 

We assume that p has positive imaginary part, and set r = e 2mp , q = e 2mT . Then the 
convergent infinite product 

$ = e -2«at/ P TT TT U r g e r q e )_ 

aW 11 11 (1 _ r j a k e 2ni{t+a) Wl _ r j+l fc+lg-27ri(t-a) A ' V 

defines a phase function, and any other phase function is obtained from this by multipli- 
cation by a p-periodic function. 

Given a one- variable phase function <& a {t), we define with our data an m- variable phase 
function 

m n 

^(t 1 ,...,t m ,z 1 ,...,z n ) = YlY[® ai (tj - zi) \\ $-<2r,(U-tj). (11) 

3=1 1=1 l^i<j^m 

Theorem 22. Let $ a (i) be a phase function, and let $ be the corresponding m-variable 
phase function ([71|). For any entire function £ of one variable, let 



1^(t, z, A) = £(p\-J22aiZi+4r] £ tj)) ^ UJ h,-,jn( t i, ...,t m ,X) e h ®- ■ -®e 

1=1 j=1 ji+-+jn=m 

Then 

. . . ,Z n ,\) — j $(ti, . . . , t m , 2i, . . . , Z n )^ ? (ti, . . . , t m , 2 X , . . . , Z n , X)Dt 1 ■ ■ ■ Dt rn 

is a formal Jackson integral solution of the qKZB equations. 

To obtain solutions from formal Jackson integral solutions, we need to find cycles, 
linear forms on the space of functions of t\, . . . , t m that are invariant under translations 
ti ^ ti + p. To this end we need a stronger version of the preceding theorem, Theorem 



24] below, which gives us a space of functions on which our cycles should be defined. 

Let $ be the phase function ( [TT] ) and let a — (ai, . . . , a n ), z = (zi, . . . , z n ). We assume, 
as usual, that ^ a« = 2r]m, m e Z^ - For any entire function £, let E®(z; £), be the space 
spanned by the functions of t G C m of the form 

n m 

$(t, z)i{\ -2r]J2a k + ^vH tj)f(t, z), 

k=l j=l 
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where f(t, z), viewed as a function of t — (tx, . . . ,t m ) belongs to F™(z, A) (see pTT|) for 
some A. All components of our integrand belong to this space. 

Let E a (z;£), the space of cocycles, be the space spanned by functions of the form 
g{t + pa), where g G E®(z;£) and a G Z m . By construction, E a (z;^) is invariant under 
translations of the arguments U by p. We define the space of coboundaries DE a (z; £) to be 
the subspace of E a (z; £) spanned by functions of the form /(..., tj+p, . . . )— /(. ■ ■ ,tj, ■ ■ ■), 
I< /•-',( 

Proposition 23. E a (zx, ...,z n ) = E a (zx, ■ ■ ■ , Zj + p, . . . , z n ) for j = 1, . . . , n 

The proof of this proposition is part of the proof of the following theorem, which is 
the main result of this section and implies Theorem j22[ . 

Theorem 24. Let us write the qKZB equations as Zj +p,...) = Kj(z)^(z) . 

Then, for all entire functions the integrand $(£, z)ip^(t, z) of Theorem viewed as a 
function oft G C m , belongs to E a (z;^) ® V[0] for all z G C™. It obeys the equations 

*(t,...,z j +p,...) = K j (z)*(t,z) modDE a (z;$®V[0), j = l,...,m 

in the cohomology (E a (z; £) / DE a (z; £)) <%>V[0]. 

To obtain solutions from these formal solutions, one should find horizontal families 
of cycles, i.e., linear functions j(z) on E a (z;£) vanishing on DE a (z;£), and such that 
7(2 + pa) = 7(2) for all a G Z n . This problem will be addressed in the next paper. 

7.2. Proof of Theorem [24] . It is clear that the integrand belongs to E a (z;^). Let 
us introduce some notation. If / and g are functions of tx, ■ ■ ■ ,t m such that $/, Qg G 
E a (z; £), we write / ~ g if z)(f(t) — g(t)) G DE a (z; £). This means that / — g is a 
linear combination of expressions of the form Qih — h, &h G E a (z; £), where 

Qifitx, ...,t m ) = f(tx, ...,U+p,..., t m )(f)i(t) 

Ut) l\e(t i -z l -a l )l > \e(t i -t j +2rj)l} i e(t i -t j +2r ] +p)^ ^' ' ' ^ 

The proof of the Theorem is based on the following identity which, similarly to Lemma 
|16| , follows from Lemma |15| . 

Lemma 25. Let, for any holomorphic function £ of one complex variable, 

c/(zi, ...,z n ,X)= f (pA -2(J2 aiz t -2r]Y. tj))u(z u ...,z n ,\). 

1 j 

Then, for any fi G C and any u G V£ [p], v G (V^ 2 (g • • • ® V£ n )[—fi], 

n" 1 0(tj — Z\ — ax—p) p, t, 
— ■ rUJ z {zx +p,z 2 ,..., z n , X)u <g> v ~ uj i; (z 2 , . . . , z m , zx, A - 2rjn)u ® u 
. =1 «i+ai-p) 

Proof: We first assume that £ = 1. We adopt the notation of Lemma [15], and set 



/ = to{zx + p, A). Then the left-hand side of the claim is, by Lemma [15 



n-1 



:Sym(f(tx,...,t m ,)g(t m , +l ,...,t m ) ffi gl y + ai j Y (12) 



while the right-hand side is 



1 Q ( U + \tU + \ TT ^tj-Zi + Ol) 6(tj-t k -2 V ) \ 

in ^Sy^g(t m , + x,...,t m )f(tx,...,t m ,) e(t ._ Zl _ ai) II ^-t fc + 2,) J 



Z>2 fc>m' 
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To compare these two expressions, notice that / = ui(zi+p, X)u is related to / = w(zi, X)u 
by 

+p,---,t m i+p) = f(t u ...,t m >). 
Therefore we may rewrite the left-hand side in terms of / up to terms which are trivial 
in the cohomology. For this we use the following formula, valid for general functions h, 
which is an easy consequence of the definition of Qo 

Qx- ■ ■ Q m 'h(ti, . . . ,t m ) = h(ti +p, . . . ,t m i +p,t m >+i, . . . ,t m )(/) m ' (t), 
Therefore we have 

(ii-^-ru^f /(*!>•••• o n 6 }!r zi+ai \ r\t)\ 

which is easily seen to coincide with the right-hand side of the claimed identity. 

The case of general £ is proved in the same way. The point is that the argument of £ is 
shifted by — 2a\ +4r)m' if Z\, t\, . . . , t m i are shifted by p, while the same effect is obtained 
by shifting A by —2r\p. □ 



Corollary 26. Let 1 ^ j ^ n and let w E V[0]* be such that W'w = pw. Write 
z = Oi, . . . , z n ), z + pSj = Oi, ...,Zj+p,..., z n ), and pj(t, z) = Y\T=i[9{ti - Zj + % - 
p) j 9{U — Zj — cij — p)] . Then 

p j (t,z)ut(z + p5 j ,\)R*_ 1 j(z j - 1 -z j -p,\-2r] £ h®) ■ ■ ■ 

Kj-1 

■ ■ ■ R* 2j (z 2 -Zj-p, \-2i]h (X) )R\-[z x - Zj-p, X)w 

j'-i 

~ (Jfa, . . . , Zn, X-27]p)Rl j+1 (z j -z j+1 ,X-2r]fi-2i] h^) ■ ■ ■ 

i=i 

n—2 n—1 

■■■R) n ^{z 3 -z n _ x ,X-2 n £ h^)R) n {z 3 -z n ,X-2 n £ h®)w 

i=i i=i 

This corollary follows from the above Lemma using Lemma [| 

The proof of Theorem |23] can now be completed: let to be a vector in V[0]* such that 
h^w = pw. Let A(z, A) = R\j{z\ — Zj —p, A) • • • Rj-i t j(zj-i—Zj —p, X — 2r] J2i=i h®) an d 
B(z,X) = Rjn{z j -z n ,X-2f]J2 j ^ l<n h m )---R jd+l (z j -z j+1 ,X--2r]J2 l<j h {l) ). With these 
notations, 

(w,A(z,X)^(z+p5j,X)) = J $(t,z+p5 j )ujt(z+p5 j ,X)A(z,X)*w 

= J $(t,z)p j (t,z)ujt(z+p6 j ,X)A(z,X)*w 

= J <$>{t,z)ujt(z,X-2r]p)B(z,X-2r)p)*w 

= (w,B(z,X-2r]p)^(z,X-2r]p)). 

The first equality follows from the definition of The second is the identity $(t, z + 
pSj) = pj(t, z)<&{t, z), an immediate consequence of the defining property of the phase 
function. The third equality follows from Corollary ^B] and the last equality by the 
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definition of Thus A(z, X)^(z + pdj, A) = TjB(z, X)^(z, A). To complete the proof of 
the Theorem, one has to invert the operator A, which is very easy, given the unitarity of 
i?-matrices (property III of Section 0). 

8. Residues 

In this section we give a proof of Proposition |||, and some other technical results. For 
this we introduce the basic computational tool of (iterated) residues. 

Let us first describe the spaces F™ (zi, . . . , z n , A) in terms of symmetric theta func- 
tions. Let G™ (^i, . . . , z n , A) be the space of meromorphic functions g of m complex 
variables t\, . . . , t m such that 

(i) TYiLi ]lfc=i 0(ti-z k -a k )g(t 1} ...,t m ) is a holomorphic function of tx, . . . , t m G C. 

(ii) g is periodic with period 1 in each of its arguments and 

g(...,t J + T,...)=e- 2 ^ x+2 ^g(...,t 3 ,...). 

for all j — 1, ... , m. 

(iii) g{t a (i), . . . , t a (rn)) = g{t\, ■■■,t m ) for any permutation a G S m . 

Lemma 27. The linear map sending f to 

is an isomorphism from F™^ an (zi, ...,z n ,X) to G™ jan (zi, ...,z n ,X) 

Proof: By using the transformation properties of 9 under translation by Z + rZ, and the 
fact that 9 is odd, we see that / has the required behavior under lattice translation and the 
action of permutations if and only if g does. Since the poles of 9 lie in the lattice, it is also 
clear that if g obeys (i), then the poles of / are on the correct hyperplanes. Conversely, if 
/ e F™^ >an (zt, ...,z n , A), then [7^ 9(t i -t j + 2r])f(t 1 , . . . , t m ) is regular except possibly 
on the hyperplanes = Zj + aj (modulo the lattice). From the symmetry properties 
of / and the fact that 9 is odd, it follows that this function is skew-symmetric under 
permutation of the arguments. In particular, it vanishes on the diagonals t—tj = 0, and, 
by the transformation property of / under translation by Z + rZ, also on the hyperplanes 
ti—tj = r+sr, r, s G Z. Therefore we can divide by Yli<j without creating new 

poles. Thus g obeys (i). □ 



Lemma 28. For any ai, . . . , a n , Zi, . . . , z n , X G C and m G Z^ the dimension of the 
space F ai> .„ )an (zi, z n , A) is 

(n + m — 1 
I m 

the number of ways of decomposing m as a sum of n nonnegative integers. 

Proof: Multiplication by YllLi YYj=i ~ z j ~ a j) ^ s an isomorphism from the space 
G™ ti (zi, . . . , z n , X) to the space of entire functions that are invariant under permuta- 
tions of the arguments and have theta function transformation properties under lattice 
translation of each argument. The dimension of the latter space is easily computed, say 
by Fourier series. □ 



In particular, if n = 1, we have: 
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t\ ti ■ ■ ■ t mi — Z\ + d\ 



tmi+1 tmi+2 



tm—1 tm Zn ~\~ 0>f, 



Figure 1. The point at which the residue is taken. 

Lemma 29. F™(z,\) is a one-dimensional space spanned by 

rr Ojti-tj) fr e(\ + 2r l m+t j -z-a) 



The next tool is a suitable set of iterated residues spanning, for generic parameters, 
the vector space dual to F™ „(z±,..., z n , A). For any set mi, . . . , m n of nonnegative 
integers with sum m and any meromorphic function f(t\,..., t m ) in m variables we let 
Tes mi,... m „f be the complex number 

res mi,...,m„/ = res ti=2i+di-2i)(mi-l) * ' ' res i mi _i=zi+ai -2r; res f mi = Zl +ai 
TeS tm 1 +i=Z2+a,2-2r](m 2 -l) ' ' ' reS tm 1 +m 2 -i=22+a2-2)7 res t mi+m2 =Z2+a2 

' res tm-i=^n+an-2»y res t m =2;„+a n /- 

The map / — > res mi) ... imn / is a linear function on F^ an (zi,...,z n ,X). The point at 
which this residue is taken is represented in Fig. [I] 

Proposition 30. Fix a\, . . . , a n , Z\, . . . , z n , A. 

(i) Ifzi, . . . , z n , A and r\ are generic, then the residues res mir .. )mn with mi+- ■ ■+m n = m 
form a basis of the dual of F™ an { z ii ■ ■ ■ ,z n ,\). 

(ii) Let ujj lr __ t j n G a (zi, . . . , z n , A) denotes the image by $ n of the basis u)j x ® • • • ® 

uJ jn of ®? =1 Fij(z h A - 2 J2 l k=i( a k ~ 2^'fc)); then 

Tes mi,...,m n (j - ! ji,...,j n — 

unless mi + - • - + m n ^ ji + ■ • ■ + j n for all I = 1, . . . , n. 
(hi) res mij ... jmn u; mi) ... )mn ^ for generic z u . . . , z n , A and rj. More precisely, 

" fl(A - 2 £ t< .(q, - 27ym t ) + 2r?j) 

1111 9>(0) 

i=ij=i v ; 

I r ttt 6>(z fc + a fc - ^ + a; - 2?7(j - 1)) 
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Proof: We prove (ii) and (iii), from which (i) follows. 

Let first n=l. By Lemma |28], F a (z, A) is one dimensional. We compute: 



res m u; m = 6>'(0) 



9(2 V (i - j)) U7=i 0(X + 2 V m - 2r/(m - j)) 



n 



rL<,--! WW - j) + H UT=x 0(-Hm - j)) 

6(\ + 2r/j) 



This does not vanish for generic A. 
Consider now the general case. 

We introduce the convenient notation tj = (t il , . . . ,t im ) for any finite set of integers 
/ = {«!<•••< i m ). Then (jJj x> ...j n can be written as 

E«*<'A)-«*.eonng^^n n ffiz^g - 

The sum is taken over all partitions Ji, of {1, ... , m} such that /; contains precisely 

ji elements, 1 ^ I ^ m. 

The next step is to determine the partitions corresponding to terms with non-trivial 
residue res mij ,., jm „. We may assume that all parameters are generic. Then a term with 
non-trivial residue must in particular have a pole on the hyperplane t m = z n + a n , if 
m n > 0. This implies that m G I n . If m n > 1, then, we must also have a pole on the 
hyperplane t m -\ —t m + 2rj = Q. But a pole on the hyperplane tj — + 2r] occurs only 
if j, j + 1 belong to the same Ik, (the pole is in Uk) or if j 6 4, j + 1 G for some 
/ < k (the pole is in the last factor in this case). Thus m — 1 G I m , and so on. We 
obtain the necessary condition {mi + ■ • • + m n _i + 1, . . . , m} C /„. The next residue is at 
t mi+ ... +mn _ 1 = z n _i + a n -i. Thus we see that m\ + ■ ■ ■ + m n _i must belong to I n -\ U J n . 
Continuing this way, we conclude that a partition I x ,...,I n corresponds to a term with 
trivial residue unless 

{m 1 H \-mi + l,...,m} C Ii + i U • • • U I n , I = 1, . . . , n — 1. 

In particular this proves (ii). 

If = ji for all Z, then only one partition contributes to the residue, namely I\ = 
{1, . . . , mi}, J 2 = {m 1 + 1, . . . , mi + m 2 }, . . . The residue is then the product of the 
residues of the individual lu^'s times the value of the remaining product product of ratios 
of theta functions, which can easily be computed. 

The claim (i) follows from (ii), (iii) and Lemma □ 



Proof of Proposition § By Proposition <3> n is generically an isomorphism. From this 
and the associativity of $, the main claim of Proposition |3] follows. □ 



Proof of Lemma [|, (ii): We have to show that uj{w,z,\) : V£ ® V£ — > F aa (z,w,\) 
is invertible at z = w. Since the dimension of F aa (z,w,X) is m + 1 for all z,w, it is 
sufficient to show that, for any generic a, the functions Uj >m -j = u(z,z,\)e* ® e* m 
^ j ^ m, are linearly independent. Here we have double poles, the residues resj )m _j 
are no longer linearly independent and we have to change slightly the construction. Let 
res mj o = res m and if j — 1, . . . , m, let resj im _j/ be 

ieS tl =z+a-2ri(j-l) ' ' ' YeSt j - 1 =z+a-2r)YeSt j =z+a 
res t J+ l=z+a-2?y(m-j-l) ' " ' T ^tm-i=z+a-2r) T ^t m =z+a [{t m — Z — d)f]- 
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Then, by proceeding the same way as in the proof of Proposition £30] we see that the matrix 
(reSj jtn -jUJk 7 m-k)j,k is triangular with non-vanishing diagonal matrix elements. Therefore 
lu(z, z, A) is invertible, and 

lim R* AA (z, w, A) = u(z, z, \)u(z, z, A) _1 P = P. 

■u: *z 

□ 

8.1. Resonances. Here we consider the case when the parameters Aj are nonnegative 
integers. From the point of view of elliptic quantum groups (see |[FV1|| ), this is the case 



when the evaluation Verma module has a finite dimensional quotient. In the present 
framework, what happens is that the i?-matrix has remarkable invariant subspaces. 

Let us introduce some notation: if £ G Z^ , we let L\ = ©^ =0 Ce*, a finite dimensional 
subspace of V/. Thus its dual space Li is a quotient of Ve, which we may identify with 
the subspace ©j =0 Cej. 

If / is a meromorphic function of m variables t±, . . . , t m , and z G C we define for every 
integer £ G {0, . . . , m — 1} a function reS( Z) ^/ of ti, . . . , t m ~i-\- 

res ( ^)/ = res tm _ e=z _ 2v e • • • res tm _ 1=2 _ 2r ,rest m=2 . 

We extend this definition to all £ G Z^ by setting res( 2j £) = if £ ^ m. 

Now consider the map u>(z, w, A) : V A © — > F ab (z, w, A) defined in Section We let 
KerreS( Uj ^) be the space of / G F ab (z,w, A) such that res^)/ = 0. 

Theorem 31. Let z, w, rj, A be generic and a = r]A, b = rjM G C. 

(i) If A G Z^ , then u>(z,w, A) maps L* A © onto Kerres( 2+aj A)- 

(ii) //Me Z^ , then u(z,w, A) maps V A © onto Ker res^+^M) ■ 

(iii) If A G Z^ and M G Z^ 0; then u(z,w,X) maps L* A © onto Ker reS( 2+aj A) H 
Ker res {w+bM ). 

Proof: We prove (i). The other claims are proved similarly, or in a simpler way. 

Thus we assume that A is a nonnegative integer £. We first show that the image of 
L* A © V^j is contained in the kernel of the residue. In other words, we must show that if 
/ G F™'(z, A) and g G F b m "{w, A-2a+4r/m'), with m' ^ £, then ves {z+a/) <$>(f®g) = 0. Set 
m! + m" = m. The function $(/ ® o) is, in the notation used in the proof of Proposition 
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E/fa)gfa)n ^'" z+ 1 n ^ I?"! 

tf" 0(*< -z-a) . cT * X T _ . 0(*i - + 2n) 

The sum runs over all partitions of {l,...,m} into pairs of disjoint subsets 1%, J 2 of 
cardinality m', m", respectively. 

The partitions with non-vanishing residue res^i) must correspond to terms with poles 
on the hyperplanes t m _ e — t m ^£ + i + 2r] = 0, • • • , t m _i — t m + 2r] = 0. Thus if m — 1 ^ 
j ^ m — £ and j G ifc (k — 1, 2), then j + 1 G I r with r ^ k. Since m' ^ this implies 
that m — £ G But then the last residue rest m _ f=2+a _2^ vanishes since the pole at 
z + a — 2rj£ = z — a is canceled by the zero of 6(t m ^g — z + a). 

To show that the image is precisely the kernel of the residue, we proceed as in the proof 



of Proposition |30|: suppose / G F^{z,w) is in Ker res( 2+(lj Q. We claim that / is in the 
image of L* A © V^. Let us think of / as a linear combination of Uj tm _j, j G {0, . . . , m}. 
Consider the residues 

res m-fc,fc = Tes ti=w+a-2ri(m-k-l) ' ' ' res t m _ fc =to+a res t m _ fc+1 =2+a-2»y(fc-l) ' ' " res i m =2+a- 



As in the proof of Proposition BO, we see that reSm-k^j.m-j vanishes if A; < j, and is non- 
zero for generic z,w, A, if k = j. Also if / G Ker res( 2+a ^), then fes m _ fc fc / = whenever 
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k > £. In particular, fes m _ k,k^j,m-j = if j ^ £ and k > I. Therefore, fes m _^_ l5 £ +1 / = 
implies that the coefficient of ue+i, m -e-i vanishes; this and fes m _^_ 2 /+2/ = implies 
that the coefficient of U£+2,m-t-2 vanishes, and so on. We conclude that / is a linear 
combination of Uj m -j with j £, which proves our claim. □ 
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